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MCKAY CORRESPONDENCE AND NEW CALABI-YAU THREEFOLDS 


XUN YU 


Abstract. In this note, we consider crepant resolutions of the quotient varieties of 
smooth quintic threefolds by Gorenstein group actions. We compute their Hodge numbers 
via McKay correspondence. In this way, we find some new pairs {h}’^, of Hodge 

numbers of Calabi-Yau threefolds. 


1. Introduction 

Calabi-Yau threefolds are important and interesting objects both in algebraic geome¬ 
try (e.g., classification theory ) and physics (e.g., mirror symmetry), and they have been 
extensively studied by many people in the last few decades. Unlike lower dimensional 
Calabi-Yau manifolds (elliptic curves, K3 surfaces) classification of topological types of 
Calabi-Yau threefolds turns out to be very hard (cf. |Re02] 1. In fact, even boundedness of 
their Hodge numbers and is still an open problem. Thus, constructing Calabi-Yau 
threefolds with “new” pairs of Hodge numbers /i^’^) is of interest. 

Let A be a smooth quintic threefold, a most basic example of Calabi-Yau threefolds, 
and let G be a Gorenstein subgroup of the automorphism group Aut(A) of X. Recently 
both Aut(A) and G are essentially classified f [OY15] l. By [BKROll Theorem 1.2] the 
quotient variety X/G always has a crepant resolution, say XjG, which is again a Calabi- 
Yau threefold. The aim of this note, is to compute the Hodge numbers of X/G for various 
pairs (A, G). Our main result is Theorem 13.201 fsee also Remark 13.21 p . In particular, there 
are 43 pairs of integers appearing as (/i^’^(A/G),/i^’^(A/G)), and some of them represent 
“new” Calabi-Yau threefolds. In the literature, the resolutions X/G for some pairs (A, G) 
have been studied (for examples, |GP90] . |ALR90] . |CDGP9l] . |Za93] . |BD96] . |BGK12| . 
|Stl2| . |BG14| 1. The proof of Theorem 13.201 is based on Table [5l which gives us many 
examples of pairs (A, G). Then we use McKay correspondence (Theorem 12.11 formulas 
(lOl . (Eap, Tables HE]) to compute these numbers. 

In general, Mirror symmetry predicts that Galabi-Yau threefolds appear in pairs. For 
example, a natural mirror family of quintic Galabi-Yau threefolds is given by a crepant 
resolution X\/G of the Gorenstein quotient of 

Aa = {x\ -|- X2 -b X3 -b — 5AX1X2X3X4X5 = 0) 

by G = /U 5 ~ fJ'i/fJ-b- The manifolds X\/G (A® 7 ^ 1) are smooth Galabi-Yau threefolds of 

= 101 = h^^'^{Xx) , = 1 = h^^\Xx) . 
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Note that the “mirror partners” of 27 pairs in the list in Theorem I3.2UI are in the same list 
and the mirror partners of the remaining 16 pairs are not in the list but are already found 
by other methods (cf. [Juj). 

Many Calabi-Yau threefolds (especially, those of small Picard ranks [LOP 13] , |Ogl4| ) 
can be acted on by finite groups. However, classification of such finite groups is still widely 
open. In general, if a finite group acts on an algebraic variety, the fixed loci of elements of 
the group or the relationship between the group and the quotient variety may be very useful 
to control the group (cf. [Mu88] . [Xi96] . [HMX13j l. We hope that the computational data 
(Tables [HOIS]) in this note are helpful for future study of finite groups of automorphisms 
of Calabi-Yau threefolds. 

Notations and conventions. We use the following notations to describe groups. 

If H G GL(n,C), then we use [H] denote the corresponding element in PGL(n,C). 

In '■= the identity matrix of rank n; 

e~ a k-th primitive root of unity, where A: is a positive integer; 

If Bi ,..., Bk are square matrices, then we use diag(ili,..., B^) to denote the obvious block 
diagonal matrix. 

We use TT : GL(n, C) —> PGL(n, C) to denote the natural quotient map. 

Let G be a finite group and p be a prime. If no confusion causes, we use Gp to denote a 
Sylow p-subgroup of G. 

The following is the list of symbols of finite groups used in this article: 

Cn- a cyclic group of order n, 

D 2 n- a dihedral group of order 2n, 

Sn{An): a symmetric (alternative) group of degree n, 

Qg: a quaternion group of order 8. 


2. McKay correspondence and Hodge numbers of crepant resolutions 

Let Y be a Galabi-Yau threefold (i.e., a three dimensional complex smooth projective 
variety with trivial canonical bundle and vanishing first Betti number). Let G be a finite 
Gorenstein (i.e., G hxes a non zero holomorphic 3-form on X) subgroup of the automor¬ 
phism group Aut(Y) of X. The quotient variety X/G has only Gorenstein singularities and 
it always has a crepant resolution 1 [BKR01[ Theorem 1.2]), say XjG. The variety XjG 
is again a Galabi-Yau threefold and its Hodge numbers can be computed by the classical 
McKay correspondences due to |IR96| . |BD96j . In order to discuss such computation in 
details, we would like to introduce some notations first (mostly following |BD96] L For any 
p G G, we set X^ := {x G Y | g{x) = x}. Let C{g) := {h £ G \ hg = gh}. Then the action 
of G{g) on Y can be restricted on Y®. For any point x G Y®, the eigenvalues of g in the 
holomorphic tangent space Tx are roots of unity: 

g27rY^oi g27rY^a2 

where 0 < < 1 (j = 1,2,3) are locally constant functions on Y^ with values in Q. The 

fixed locus Y^ is always a disjoint union of finitely many smooth subvarieties of Y (cf. |Do69( 
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Lemma 4.1] ). We write = Xi{g) U • • • UX^ (g), where Xi(g), ...,Xr {g) are the smooth 
connected components of X^. For each i G {l,...,rg}, the fermion shift number Fi{g) is 
defined to be equal to the value of ai 02 + as on the connected component Xi{g). Since 
X is three dimensional, it follows that Fi{g) G {0,1,2}. Notice that it could happen that 
some element in C{g) permutes the connected components Xi{g) (cf. the proof of Theorem 
I3.20p . For j G {0,1, 2}, we set Xj := We denote by h^^^^{Xj) the dimension 

of the subspace of (^(^{-invariant elements in '^(Xj). We set 

(2.1) ^(Y,G) := + h^ct) 

The orbifold Hodge numbers oi X/G are defined by 

(2.2) LP’''(Y, G)-.= Y,K^^{X, G) 

{9} 

where (s') runs over the conjugacy classes of G, so that g represents (s'). 

The orbifold Euler number of X/G is defined by 

(2.3) e(Y, G):=-^ ^(X^nX^) 

gh=hg 


or, equivalently, 

(2.4) e(X, G) := ^ #({g}) ^ e(X^ n X’^), 

' ' M hec(g) 

where #{{g}) means the size of the conjugacy class represented by g. 

Theorem 2.1. / ]BD96[ Theorem 6.14 and Corollary 6.15]} The Euler characteristic of 
XjG is equal to the orbifold Euler number of X/G, i.e., 

eiX/G) = e(X, G). 

Moreover, 

hP’^{X/G) = hP^^{X, G). 

The fundamental group of X/G is well-understood (at least, when 7ri(X) is trivial): 

Theorem 2.2. Suppose X is simply connected. Let H be the normal subgroup of G gener¬ 
ated by those elements which have fixed points. Then 

tii{xJg) ^ 7ri(X/G) ^ G/H. 


Proof By [SM], 7 ri(X/G) ^ G/H. By Theorem 7.8], 7ri(X/G) ^ 7ri(X/G). There¬ 
fore, the theorem is proved. □ 
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3. Gorenstein actions on quintics and new Calabi-Yau threefolds 


Let Y C be a smooth quintic threefold defined by a degree five homogeneous polyno¬ 
mial F = F{xi, ...jXs). By a result of Matsumura-Monsky 1 [MM63] L 

Aut (Y) = {ipe PGL(5, C)|(^(Y) = Y} , 

Aut (Y) is always a finite group. Let G < Aut(Y) be a Gorenstein subgroup. As abstract 
groups, both Aut(Y) and G are essentially classified by |OY15l Theorems 2.2 and 10.4]. 
Like in Section [2l we denote by Y/G a crepant resolution of the quotient variety X/G. In 

this section, we will compute the Hodge numbers and the fundamental group of X/G for 
many pairs (Y, G). 


Notation 3.1. Let A = (oij) G GL(5, C). We denote by A{F) the homogeneous polynomial 

5 5 

* * * ; E 


i=l i=l 

Thus [A] G Aut(Y) if and only if A{F) = XF, for some A G C*. 


Lemma 3.2. Let A G GL(5,C). Suppose [A] G Aut(Y). Then the automorphism [A] of X 
is Gorenstein if and only if A{F) = det(A)F. 


Proof. See, for instance, [Mu 88 l Lemma 2.1]. 


□ 


Definition 3.3. (1) We say a subgroup G < GL(5,C) is a lifting of G if G and G are 
isomorphic via the natural projection tt : GL(5,C) ^ PGL(5,C). We call G liftable if G 
admits a lifting. 

(2) We say G is F-liftable if the following two conditions are satisfied: 

1) G admits a lifting G < GL(5,C); and 

2) A{F) = F, for all A in G. 

In this case, we say G is an F-lifting of G. 

(3) Let h be an element in G. As a special case, we say H G GL(5,C) is an F-lifting of 
h if 7r{H) = h and the group (H) is an F-lifting of the group {h). 


Example 3.4. Let F = Xi + X 2 + + x\ + and let G be the 

generated by [Ai] and [A 2 ], where 
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Then G is clearly a Gorenstein subgroup of Aut(Y) and G is not F-liftable (in fact, G is 
not liftable). 


Theorem 3.5. /" |OY15l Theorems 4.8, 4.9, and 8.3]j The group G is F-liftable if and only 
if a Sylow 5-subgroup G 5 is F-liftable. Moreover, G is F-liftable if all the following three 
conditions are satisfied: 

(1) G is a finite solvable groups with |G| < 2000, 
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(2) |G| divides 2 ®3^5^, and 

(3) |G2|>1. 

Lemma 3.6. Let g G G. Suppose g is of order 2 . Then hg (Y, G) = 2 and e{X3) = — 8 . 

Proof. By Theorem 13.51 g has an K-lifting, say A. Then ord( 74 ) = 2 and A(F) = F. By 
Lemma [3^ det(^) = 1. By |OY15t Lemma 5.3], we may assume A = diag(—1, —1,1,1,1). 
By A{F) = F we have F G (x 3 ,X 4 ,X 5 ) (i.e., F is in the ideal of C[xi,...,X 5 ] generated 
by X 3 ,X 4 ,X 5 ). By [OY15[ Proposition 3.4] F ^ {xi,X 2 ). Therefore, the fixed locus = 
Xi{g)[JX 2 {g), where Xi{g) : xi = X 2 = F = 0 is a smooth plane curve of degree 5 and genus 
6 , and X 2 {g) : X 3 = X 4 = X 5 = T = 0 is a line in P^. Thus e{X^) = e{Xi{g)) + e{X 2 {g)) = 
-10 + 2 = -8. 

For any point x G Xi{g), the eigenvalues of g in the holomorphic tangent space Tx are 

Thus Fi{g) = 1. Similarly, ^ 2 ( 5 ) = 1. Then, by definition, X^ = Yf = 0, Xf = Xi{g) U 
X 2 {g). For any h G G{g), h{Xi{g)) = Xi{g),i = 1,2 since Xi{g) and X 2 {g) are not 
isomorphic to each other. So = F[^{Xf). Therefore, h^’ ^(Y, G) = = 

2 . 

□ 

Lemma 3.7. Let g ^ G. Suppose g is of order 3. Then g has an F-lifting, say A. Moreover, 
exactly one of the following two cases happens: 

(1) The trace of A is 2 (i.e., tT{A)=2), e(X^) = —8, h^’ ^(Y, G) = 2, or 

(2) tr(Y) = - 1 , e{Xa) = 4, hi’ \x, G) = 2. 

Proof. By Theorem 13.51 an T-lifting A exists. Then ord(Y) = 3 and A{F) = F. By 
Lemmadet(Y) = 1. By [OY15] Lemma 5.4], we may assume A = diag(^ 3 ,^|, 1,1,1) or 
diag(6,?3>6,?3>l)- 

Case (1) A = diag(^ 3 , 1,1,1). Then obviously tr(Y) = 2. By A{F) = F we have 
xf,X 2 ^ F. Thus the fixed locus Y® = Xi{g) U X 2 {g) U X 3 {g), where Xilg) : xi = X 2 = 
F = 0 a smooth plane curve of degree 5 and genus 6 , Y 2 (( 7 ) = {(0 : 1 : 0 : 0 : 0)} a point, and 
^ 3 ( 9 ) = {(1 : 0 : 0 : 0 : 0)} also a point. Thus e(Y®) = e(Yi(g')) + e(Y 2 (fl')) + e(Y 3 (fl')) = 
—10+1 + 1 = —8. For any point x G Yi (g ), the eigenvalues of g in the holomorphic tangent 
space Tx are 

^3, fi, 1 . 

Thus Fi(g) = 1. For x = (0 : 1 : 0 : 0 : 0) G X 2 (g), the eigenvalues of g in the holomorphic 
tangent space Tx are 

■^3) ?3, ■^3- 

Thus F 2 {g) = 1. For x = (1 : 0 : 0 : 0 : 0) ^ X^{g), the eigenvalues of g in the holomorphic 
tangent space Tx are 

^ 3 ', ^ 3 ', el- 

Thus F:i{g) = 2 Then, by definition, Yq = 0, Xf = Xi{g) U X 2 {g), and Yf = X^{g). 
For any h G G{g), h{Xi{g)) = Xi{g), since Xi{g) is isomorphic to neither X 2 {g) nor 
X'i{g). Moreover, h{Xi{g)) = Xi{g), i = 2,2, since ^ 2 ( 5 ) and F^{g) are different. So 
= H\Xl). Therefore, hl’\x, G) = = 2- 
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Case (2) A = diag(^ 3 ,^ 3 ,1). Then tr(^) = -1. By A(F) = F and [OYlSj 
Proposition 3.3], Xg G T (i.e., the coefficient of the monomial in F is not zero). Thns 
the point (0 : 0 : 0 : 0 : 1) ^ X. So the fixed locus X® = Xi(g') U X 2 {g), where Xi{g) : xi = 
xs = = F = 0 is a line in P^, and X 2 {g) : X 2 = X 4 = X 5 = T = 0 is also a line in P^. 

Thns e(X5) = e(Xi( 5 r)) + e{X 2 {g)) = 2 + 2 = 4. For any point x G Xi{g), the eigenvalues 
of g in the holomorphic tangent space are 

^3, 1 

Thus Fi(g) = 1. Similarly, + 2 ( 5 ') = 1- For any h G C(g), h(Xi(g)) = Xi(g), i = 1,2 (by 
considering the eigenvalues of g in the holomorphic tangent space of P^ at points in Xj (g)). 
Therefore, h^g’ ^(X, G) = = 2- 

^ □ 

Definition 3.8. Let A G GL(5,C). We define m(^) := max{ multiplicities of eigenvalues of A}. 
For example, if ^ = diag(l, 1, ^ 5 , ^ 5 , ), then m{A) = 2. 

Lemma 3.9. Let g & G. Suppose g is of order 5. Then g has an F-lifting, say A. Moreover, 
exactly one of the following three cases happens: 

(1) m{A) = l,tr(^) = 0, e(X9) = 0, h]' ^(X, G) = 0, 

(2) m{A) = 2, e(X^) = 10, or 

(3) m{A) = 3, e{XS) = -10, hi’ ^(X, G) = 1. 

Remark 3.10. In case (2), hi’ ^(X, G) depends on G{g). 

Proof. By [OYlh] Lemma 4.13] and Lemma 13.21 an F-lifting, say A, of g exists. Then 
ord(j4) = 5, A{F) = F and det(^) = 1. By an easy computation there are exactly three 
possibilities: (1) m{A) = 1, (2) m{A) = 2, or (3) m{A) = 3. 

Case (1) m{A) = 1 . Then tr(A) = 0 and we may assume A = diag(l,^ 5 ,.^ 5 ,^|). Thus 
X9 = 0 and e(X9) = hi’ ^(X, G) = 0. 

Case (2) m{A) = 2. Then we may assnme A = diag(l, 1, ^ 5 , ^5; Cf) or ^ = diag(l, 1, ^ 5 ). 

Thns X® is a set of ten points and e(X®) = 10. 

Case (3) m{A) = 3. Then we may assnme A = diag(l, 1,1, ^ 5 , C 5 ) or A = diag(l, 1,1, ^ 5 ). 

Thns X®: X 4 = X 5 = F = 0 a smooth plane curve of degree 5 and genus 6 . Therefore, 
e{X9) = -10 and hi’ \x, G) = 1. 

□ 

Lemma 3.11. Let g ^ G. Suppose g is of order 6 . Then hi’ ^(X, G) = 2 and e(X®) = 4. 

Proof. By Theorem 13.51 g has an F-lifting, say A. Then ord( 74 ) = 6 and ^(F) = F. By 
Lemma[32l det(A) = 1. By fOYTH Lemma 8 . 6 ], we may assume = diag(f 3 , —L 3 ,—f?, 1). 
Then X^ = {(1 : 0 : 0 : 0 : 0), (0 : 1 : 0 : 0 : 0), (0 : 0 : 1 : 0 : 0), (0 : 0 : 0 : 1 : 0)}. Thns 
e(X®) = 4 and hi’ ^(X, G) = 2 (cf. the proof of Lemma [37fl) . □ 

Lemma 3.12. Let g & G. Suppose g is of order 10. Then hi’ ^(X, G) = 1 and e(X®) = 2. 

Proof. By Theorem 13.51 g has an F-lifting, say A. Then ord(A) = 10 and A(F) = F. By 
Lemma lB^ detfAi = 1. By fOYTll Lemma 8.10], we may assume ^4 = diag(—l, 1 ,—G,£+£?), 
z = 1,2,3 or 4. Then X^ = {(1 : 0 : 0 : 0 : 0), (0 : 0 : 1 : 0 : 0)}. Thns e{X9) = 2 and 
hi’ ^(X, G) = 1 (cf. the proof of Lemma [3771) . □ 
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Lemma 3.13. Let g & G. Suppose g is of order 15. Then g has an F-lifting, say A. 
Moreover, either one of the following three cases is true: 

(1) tr(^ 5 ) ^ ^ 2, e{X9) = 4, h]' ^{X, G) = 2, or 

(2) tr(A®) = 2, m{A^) = 2, e{X9) = 7, or 

(3) tr{A^) = 2 , m{A^) = 3, e{X9) = 2 , h]’ ^{X, G) = 1. 

Remark 3.14. In case (2), hi’ G) depends on G{g). 

Proof. By Theorem 13.51 and Lemma 13.91 an K-lifting of g exists. Then by the proofs of 
Lemmas 13.71 and [T9l we may assume A is either (1) diagffa, fsfLff*), 1 < i < 4, 
or (2) diag(C 3 ,? 3 >d>^ 5 >^ 5 *)) 1 < i < 4, or (3) diag(^3, Cli 1)> 1 < * < 2. 

Case (1) diag(6,^3>6?5>?3^5>^i*)> 1 < * < 4. Clearly tr(^®) = -l,m{A^) = 2. Then 

= {(1 : 0 : 0 : 0 : 0), (0 : 1 : 0 : 0 : 0), (0 : 0 : 1 : 0 : 0), (0 : 0 : 0 : 1 : 0)}. Thus e{X9) = 4 

and hl’^iX, G) = 2. 

Case (2) diag(^ 3 ,^ 5 , ^ 5 , 1 < i < 4. Clearly tr(A®) = 2,m(A^) = 2. Then 

X9 = {(1 : 0 : 0 : 0 : 0), (0 : 1 : 0 : 0 : 0)} U W, where W : xi = X 2 = X 5 = F = 0 a set of 

five points. Thus e(X®) = 7. 

Case (3) diag(^ 3 ,^ 3 ,^ 5 ,^ 5 ®, 1), 1 < i < 2. Clearly tr(A®) = 2,m{A^) = 3. Then X9 = 
{(1 : 0 : 0 : 0 : 0), (0 : 1 : 0 : 0 : 0)}. Thus e{X9) = 2 and h^iX, G) = 1. □ 

For any g ^ G with ord( 5 ) different from above (e.g. ord(g') = 4,12,13, and so on), 
we can determine X®, e(X^) and hi’ ^{X, G) in the same way (the details are left to the 
readers). More precisely, all such results are summarized in Table [H 

For any subgroup H < G, we set X^ := {x G X | g{x) = x, for all g ^ H}. 

Lemma 3.16. Suppose H < G and H = G 2 x G 2 . Then e(X^) = 8 . 

Proof. By Theorem 13.51 H has an F-lifting, say H. By the proof of Lemma 13.61 we may 
assume H = {Ai,A 2 ), where Ai = diag(—1, —1,1,1,1), and A 2 = diag(l, —1, —1,1,1). 
Thus X^ = {(1 : 0 : 0 : 0 ; 0),(0 : 1 : 0 : 0 : 0),(0 : 0 : 1 : 0 : 0)} U IT, where 
IT : xi = X 2 = X 3 = F = 0 a set of five points. Therefore, e(X^) = 8 . □ 

Lemma 3.17. Suppose H < G and H = G 3 x G 3 . Then e(X^) = 4. 

Proof. By Theorem 13.51 H has an F-lifting, say H. By the proof of |OY15[ Lemma 5.4], 
we may assume H = {Ai,A 2 ), where Ai = diag(^ 3 ,1,1,1), and A 2 = diag(l, 1, ^ 3 , 1). 

Thus X^ = {(1 : 0 : 0 : 0 : 0), (0 ; 1 ; 0 ; 0 : 0), (0 ; 0 ; 1 ; 0 ; 0), (0 : 0 : 0 : 1 ; 0)} and 
e(X^) =4. □ 

Lemma 3.18. Suppose H < G and H = G^ x C^. Then one of the following three cases is 
true: 

(1) H is not F-liftable, X^ = 0, e{X^) = 0, or 

(2) H is F-liftable, X^ = 0, e(X^) = 0, or 

(3) H is F-liftable, X^ = a set of five points, e(X^) = 5. 

Proof. If H is not F-liftable, then by [OY15i Lemma 4.14] and Lemma [3. 9 1 we have X^ = 0. 
If H is F-liftable, then by an easy computation X^ is either an empty set or a set of five 
points. □ 
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Table 1. Fixed loci of Gorenstein automorphisms of smooth quintic threefolds 


ord(p) 

properties of A 


e(X«) 

KAX, G) 

1 

tr(T) = 5 

X 

-200 

1 

2 

tr(yl) = 1 

a line and C 

-8 

2 

3 

tr(yl) = 2 

C and two points 

-8 

2 

3 

tr(yl) = -1 

two lines 

4 

2 

4 

tr(T) = 3 

two points and C 

-8 

2 

4 

tr(A) = 1 + 2^4 

six points and a line 

8 

depending on C[g) 

4 

tr(T) = 1 - 2^4 

six points and a line 

8 

2 

5 

m(A) = 1 

0 

0 

0 

5 

m(A) = 2 

ten points 

10 

depending on C[g) 

5 

m(A) = 3 

C 

-10 

1 

6 

tr(T) = 1 

four points 

4 

2 

8 

tr{A) = 1 + ^8 + Cs 

eight points 

8 

5 

8 

tr{A) = 1 + ^8 + ^8 

eight points 

8 

3 

8 

tr{A) = ±^4 

four points 

4 

2 

10 

(tr(A))“ = 1 

two points 

2 

1 

12 

m{A) = 1 

four points 

4 

2 

13 

tr(T) = ^13 + Ga + ?13 + 2 or ^^3 + 
& + C?3 + 2 

eight points 

8 

depending on C{g) 

13 

tr(T) = ^13 + Ga + ?i 3 + 2 

eight points 

8 

2 

13 

tr(yl) = G 3 + C 13 + ?13 + 2 

eight points 

8 

3 

15 

tr(4T) = -l,m(AA = 2 

four points 

4 

2 

15 

tr(T'') = 2,m(AA = 2 

seven points 

7 

depending on C(g) 

15 

tr(4b') = 2,m(AA = 3 

two points 

2 

1 

17 

m{A) = 1 

four points 

4 

2 

20 

m(A) = 1 

two points 

2 

1 

39 

tr(yl) = ^13 + Ga + ?13 — 1 or ^{3 + 
C!3+Cf3-1 

five points 

5 

3 

39 

tr(yl) = Ga + ?13 + C 13 — 1 or Ga + 

ei°a + Cw - 1 

five points 

5 

2 

41 

tr(yi) = ^41 + + Cii + Cii + Cii 

or cli + G'? + + cl? + cl? or C4®1 + 

cii + Ci? + Cl? + cii or Cil + Cl? + 
Ci? + Cl? + Cl? 

five points 

5 

3 

41 

tr(yl) = ^41 + Cli + cii + Cii + Cli or 

Cli + cl? + cl? + cl? + cl? or cli + 
cl? + cl? + cli + cli or ei? + cl? + 
cl?+cll+cl? 

five points 

5 

2 

51 

tr(A) = + ^51 + + Csi + 1 or 

Cl? + Ct? + cfi + cl? + 1 

four points 

4 

1 

51 

tr(A) = ell + Cs? + Csl + Ct? + 1 or 

cfi+C 51 +C 5 ?+ci? + 1 or ^51+cir + 

C5?+Cl? + 1 or Cf?+C5?+Cl?+C5i + 1 

four points 

4 

2 

51 

^dXHClf+Clf+irfCir+TTr 
Cll + Cll + Csl + Csi + I 

four points 

4 

3 

65 

tr(yl) = ^13 + Ci3 + Ci3 + Cs + Cl or 
C?3 + C?3 + Cl3 + Cs + Cs or Cl3 + Cl3 + 
C?3+Ci+Cs or e|3+C?3 + C?3+Ci+C5 

three points 

3 

2 

65 

tr(yl) = ^^3 + ^5*3 + ^13 + Cs + Cs or 
Cl3+Cl3+C?3+C5+C5 or Cr3+C?3 + 
C?3+C5+Cf or ef3+C?3°+C?3+Cs + C5 

three points 

3 

1 


Remark 3.15. In this table, g is an element in G, A is an F-lifting of g, and we denote 
by C some smooth plane curve of degree 5. 
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If if < G and H = ^ 4 X^ 2 , C 15 x C 3 , or C 15 x G 5 , we can determine the fixed locus 
in the same way as above. We summarize the results in Table El 

Table 2. Fixed loci of pairs of commutating Gorenstein automorphisms of quintics 


the group generated by g and h 

nx^ 

e{x^nx^) 

C2 x C2 

eight points 

8 

C 4 X C2 

eight points 

8 

C3 X C3 

four points 

4 

Cs X Cs 

0 

0 

Cs x Cs 

five points 

5 

Fis X C3 

four points 

4 

Ci 5 X Fs 

two points 

2 


Remark 3.19. In this table, g,h ^ G and gh = hg. Note that if the group generated by g 
and /i is a cyclic group, then both n X^ and e{X^ n X^) can be determined by Table [H 


Theorem 3.20. Let a and b be integers. If the pair of integers (a, b) is in the following 
list, then there exists a smooth quintic threefold X and a Gorenstein subgroup G of Aut{X) 

such that the pair of Hodge numbers {h}’^{X/G),hf‘’^{X/G)) of a crepant resolution X/G 
of the quotient X/G is the same as {a,b): 

(1,101), (101,1), (1,21), (21,1), (1,5), (5,1), (3,59), (59,3), (3,19), (19,3), (5,49), 
(49,5), (5,33), (33,5), (5,25), (25,5), (11,27), (27,11), (11,19), (19,11), (11,15), (15,11), 
(13,17), (17,13), (17,21), (21,17), (13,13), (5,13), (7,47), (7,35), (7,27), (9,29), (9,41), 
(11,3), (15,3), (17,9), (19,21), (19,7), (21,5), (23,19), (23,15), (29,5), (41,1). 

Remark 3.21. Based on the main results of |OY15j . it can be shown that the list in 
Theorem 13.201 is in fact complete (i.e., there are no other pairs of integers except the above 

43 pairs appearing as the pair of Hodge numbers {h^’^{X/G),h‘^’^{X/G))). 

Some of the pairs in the list in Theorem 13.201 represent “new” Calabi-Yau threefolds 
(here we refer to the database [.lu| of the known Calabi-Yau threefolds). See Table [5] for 
more details. 


Proof. The proof is based on Table [5l We first show two cases (i.e., (a, b) = (15,11), (5,1)) 
in details. 

Case (a, b) = (15,11). As in Table [U let A : F = xfx2 + X2 + x|x 4 -|- X 4 -|- X 5 = 0 
and let G be the subgroup of PGL(5,C) generated by the following three matrices: Ai = 

/O 0 1 0 0 \ 

0 0 0 1 0 

diag(-l, 1,-1,1,1), A 2 = diag(^ 5 , ^ 5 ,^ 1 ,^1,1), A 3 = 1 0 0 0 0. Then G = D 20 

0 10 0 0 

\0 0 0 0 1 / 

and G acts on X Gorensteinly. Let G := (Ai, A 2 , A 3 ) < GL(5,C). Then G is an F-lifting 
of G. The group G has exactly eight conjugacy classes and by Tabled] we obtain Table [3| 
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Table 3. Conjugacy classes of Gorenstein subgroup G = D 20 of Aut(Y) 


{9} 

{[h]} 

{[A1A3]} 

{[Ai]} 

{[A3]} 

{[A2]} 

{[A^]} 

{[A1A2]} 

{[AiAIJj 

ord(g) 

1 

2 

2 

2 

5 

5 

10 

10 

K\X,G) 

1 

2 

2 

2 

ai 

0(2 

1 

1 

e{XO) 

-200 

-8 

-8 

-8 

10 

10 

2 

2 

C{g) 

D20 

C2 X C2 

D20 

C2 X C2 

Lio 

Lio 

Lio 

Lio 

#({g}) 

1 

5 

1 

5 

2 

2 

2 

2 


By formula (I2.4p , Tables [3] and [21 

e(Y,G) = ^(j;e(Y") + 5 ^ e(Y[^i^3] p x")+ 

^ h&G heCOAiAg]) 


nY^) + 5 e(Y[^3] n + 2 Y e{X^^^^nX^)+ 

heC{[Ai]) heCdAs]) hGC{[A2]) 

2 Y e(Y[^2] n Y'^)+ 2 Y e(Y[^i^2] nx'*)+ 2 Y e(Y[^i^2l n Y'^)) 

ft.eC([A2]) /ieC([AiA2]) heC([AiA2]) 



= —(-240 + 0 + 80 + 0 + 120 + 120 + 40 + 40) = 8 . 

20 

In order to compute h^’^{X,G), we need to compute ai and a^- Let g = [A 2 ] G G. The 
fixed locus Y^ consists of ten points. Moreover, by computing the fermion shift numbers 
at those points, we obtain Y^ = 0, Xf = {(0 : 0 : 1 : 0 : 0), (0 : 0 : .^8 : 1 : 0), (0 : 0 : .^1 : 
1 : 0), (0 : 0 : : 1 : 0), (0 : 0 : : 1 : 0)}, and Yf = {(1 : 0 : 0 : 0 : 0), (^8 : 1 : 0 : 0 : 

0), (^g : 1 : 0 : 0 : 0), (^g : 1 : 0 : 0 : 0), (^g : 1 : 0 : 0 : 0)}. Note that the centralizer group 
G{[A 2 ]) = ([Ai], [A 2 ]). Then the set Yf is naturally acted on by G{[A 2 ]) and the number 
of orbits of this group action is 3. Thus, by formula (| 2 .ip . ai = 3. Similarly, 0:2 = 3. 
Therefore, by formula (12.21) . 

h^'^iX, G) = l + 2 + 2 + 2 + 3 + 3 + l + l = 15. 


By Theorem 12.11 e{X(G) = e(X, G) = 8, h^’^(X/G) = h^’^(X,G) = 15. Since X/G is 
a Calabi-Yau threefold, it follows that /i^’^(Y/G) = h^’^(X/G) — ^e(XlG) = 15 — 4 = 11 . 
Therefore, the case (a,b) = (15,11) is proved. 

Case (a, 6 ) = (5,1). As in Tabled let Y : F = xf + x^ + x^ + x^ + x^ = 0 and let G be the 
subgroup of PGL(5, C) generated by the following two matrices: Ai = diag(l, ^ 5 , ^ 5 , ^ 5 , ^ 5 ); 
/O 1 0 0 0\ 

0 0 10 0 
0 


Ao = 


0 

VI 


0 

0 

0 


0 

1 

0 / 


Then G = ( 6*5 x 6 * 5 ) x G 5 . Note that the order of an element of G 


is either 1 or 5. Moreover, G has 29 conjugacy classes: {[/s]}, {[Ai]}, {[Af]}, {[A^]}, {[Af]}, 
and 24 other conjugacy classes which are represented by fixed point free automorphisms of 
Y. Then by Tabled] we obtain Tabled] 
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Table 4. Conjugacy classes of Gorenstein subgroup G = (C5 x Cs) x 6*5 of Aut(X) 


{<?} 

{[h]} 

{[Ai]} 

ilAfll 

{[Aj]} 

{[AjJ} 

24 others 

ord(g) 

1 

5 

5 

5 

5 

5 

K^{X,G) 

1 

Pi 

P 2 

P3 

Pi 

0 

eixn 

-200 

10 

10 

10 

10 

0 

C{g) 

(Ls X Cs) X Cs 

Cs X Cs 

Cs X Cs 

Cs X Cs 

Cs X Cs 


#({g}) 

1 

5 

5 

5 

5 



Let H = ([Ai], [A 3 ]) < G, where A 3 = diag(l,^ 5 ,Note that G([Ai]) = H and 
n = 0 . Let g = [Ai] € G. Thus, by formula (|2.4p and Table 0] 

e(^, G) = e(A'*) + ^(5 ^ e{X9^ n X^))) = ^(0 + 4 • 5 • 50) = 8 . 

^ h&G i=l heH 

Similar to the previous case, by an easy computation, (3i = (32 = Ps = (34 = 1. Therefore, 

h^’^{X, G) = 1 + 1 + 1 + 1 + 1 = 5. 

Then by Theorem l2.1l e(X/G) = 8 , h^’^{X/G) = 5, and /i^’^(X/G) = 1. Notice that H is in 
fact the normal subgroup of G generated by those elements which have fixed points. Then 
by Theorem 12.21 

7ri(x7G) ^ G/H ^ G 5 . 

So far we have proved only two cases of Theorem 13.201 However, the other cases can be 
proved in the same way (i.e., firstly we use Table [5] to find suitable X and G; secondly we 
analyze conjugacy classes of G and use Tables 0] and [2] to obtain tables like Tables [3] and 
m lastly we use formulas (j2.2l ). (12.4p and Theorem [2A] to compute the numbers which we 
want to know). Thus, we may leave the detailed proofs for the readers. □ 

Remark 3.22. It is possible to determine the Hodge numbers of X/G by first computing 
the representation of G on the cohomology of X (cf. |Stl2] ). However, our method of 
determining those numbers are based on Tables [H [2] and formulas (12.2p . (|2.4p and hence 
such computation is not required. 


Appendix A. The table 

In Table O we give many examples of a pair {X, G), where X is a smooth quintic 
threefold and G is a Gorenstein subgroup of Aut(X). We compute the Hodge numbers 
h?’^) (:= (/i^’^(X/G), h?’^{X/G))) of a crepant resolution X/G of the quotient X/G. 
In the last column “new” means that the pair h?’^) is not contained in the list |Ju] 

of Hodge numbers of known Calabi-Yau threefolds. 
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We need to explain some notations in Table [5j In the second column, for simplicity, we 
use elements in the symmetric group S '5 to represent the corresponding permutation matri¬ 


ces. For examples, (12) (34) means the matrix 


/O 

0 

1 

0 

Vo 


0 \ 

0 

0 

0 

ly 


/o 

1 

0 

0 

Vo 


0 \ 

0 

0 

0 

ly 


(123) means the matrix 


and so on. In the third column, for 1 <i < 22, we use W to denote the 


smooth quintic threefold in the i-th example of |OY15[ Example 2.1], and the matrices Ai^j 
in the second column correspond to the matrices in the same example of [OYISI Ex- 


ample 2.1]. For example, Xn C 


2 ) -I- (2 -I- 4 ^|)xfX 2 )x 4 -I- x|x 4 -I- X 4 X 3 -I- Xg = 0, and ^ 47,2 = 


/a 


is defined by F = ((x 4 -)-X 2 ) + ( 2 -|- 4 ,^|)xfx 2 )x 3 -|-(—(xf-l- 

0 0 0 0 \ 

0 
0 
0 
VO 


?8 

0 

0 

0 


0 

0 

0 

V 


We define 


X4X4 -|- X2X5 -|- X|X4 -|- X4 -|- Xg -|- X1X2X3 = 0 

3 , . r . 3.^2 


two more smooth quintic threefolds Xc^xC 2 

and Xcg, '■ xfx 2 + x|x 3 -|- X 3 -|- X 4 X 2 + XgXs -|- xiX 4 Xg -|- x^x^ -|- X 1 X 3 X 4 -|- X 4 X 3 X 4 = 0. We 
leave the sixth column blank if and only if the fundamental group 7 ri(Y/G) is trivial. 


Table 5: Hodge numbers of X/G 


G 

generators of G (as a subgroup of 
PGL(5,C)) 

Y 

eiX/G) 

(F4, 

7ri(Y/G) 

remarks 

on 

(F4, 

trivial 

trivial 

any 

-200 

( 1 , 101 ) 



G 2 

(12)(34) 

Yi 

-112 

(3,59) 



C 3 

(123) 

Yi 

-88 

(5,49) 



C 3 

diag(6,^3:C3,C3>l) 

Yi4 

-56 

(5,33) 



Ci 

diag(^4,l,Cil,l) 

Y 3 

-80 

(7,47) 



C 4 

diag(^4,C4,- 1 , 1 , 1 ) 

XCiXC2 

-32 

(11,27) 



G 2 X G 2 

(12)(34), (13)(24) 

Xi 

-56 

(7,35) 



C 3 

diag(l,C5,C5,l,l) 

Xi 

-88 

(5,49) 



C 5 

diag(^5,^5,C5,C5,l) 

Xi 

8 

(21,17) 



C 3 

diag(l,^5,C5.?5>C|) 

Xi 

-40 

( 1 , 21 ) 

Gs 


S 3 

^h«(6;^!Xi:T)7Tl2)(34^ 

Xi4 

-56 

(5,33) 



S 3 

diag(6,^3,6,^3,l),(12)(34) 

Xu 

-40 

(5,25) 



Ce 

diag(6,?3>C3,?3>l),(13)(24) 

Xu 

-16 

(11,19) 



Gs 

Ai7^2 

Xi7 

8 

(23,19) 



Cs 

diag(^8,-l,l,^g,^4) 

Xcs 

8 

(17,13) 




Continued on next page 
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Table 5 - Continued from previous page 


G 

generators of G (as a subgroup of 
PGL(5,C)) 


e(X/G) 

K 

C 4 X C 2 

diag(^4, fi, -1,1,1), diag(l, -1, -1,1,1) 

YC 4 XC 2 

-4 

(19,21) 

Ds 

( 12 )( 34 ),diag(l,l,e 4 ,e|,l) 

X 20 

-40 

(9,29) 

Qs 

^18.1, diag(C|,C4, 1 , 1 , 1 ) 

Xi3 

-64 

(9,41) 

Cs X C 3 

diag(6, ^ 3 ,1,1,1), diag( 1,1, ^ 3 , ? 3 ,1) 

Xi4 

-8 

(17,21) 

Dio 

(12)(34),diag(^5,C|,e5,e|,l) 

Xi 

-8 

(13,17) 

Dio 

(12)(34),diag(e5,a,l,l,l) 

Xi 

-56 

(5,33) 

Dio 

(12)(34),diag(^5,e|,e5^e|,l) 

Xi 

-32 

(3,19) 

Cio 

diag(-l,l,-C5,C5,?5) 

Xi4 

16 

(19,11) 

C 12 

diag ( 6 , C 3 , 6 , ? 3 , 1 ), diag ( 1 , 1 , ^ 4 , Cl, 1 ) 

Xio 

16 

(23,15) 

A 4 

(12)(34), (13)(24), (123) 

Xi 

-40 

(7,27) 

Di 2 

diag(C3,C3^6,C3^1),(13)(24),(12)(34) 

Xi4 

-8 

(11,15) 

Cl3 

diag(Ci3,Ci3,?i3>l,l) 

Xio 

88 

(49,5) 

C 15 

diag(C 3 , Cl, 1,1,1), diag( 1 ,1, Cs, Cs, Cl) 

Xi4 

88 

(49,5) 

C'ls 

diag(C 3 ,Cl, 1,1,1), diag(l, 1,Cs, 1,Cl) 

Xo 

-8 

(17,21) 

Ci5 

diag(C 3 , Cl , Cs , Cl , 1 ) ,diag( 1, 1 , Cs , Cs , C|) 

Xi4 

56 

(33,5) 

QDio 

4ll7,l, 4li7_2 

X 17 

-8 

(17,21) 

Ci7 

diag(Ci 7 ,CiX>Ci 7 ,Cl 7 ,l) 

X 13 

56 

(33,5) 

C 3 X ^3 

diag (C 3 , Cl , 1, 1 ,1), diag( 1 ,1, C 3 , Cl, 1 ) , 

(13)(24) 

Xi4 

8 

(17,13) 

X 

X 

diag (C 3 , Cl , 1 , 1 , 1) , diag( 1 , 1 , C 3 , Cl , 1 ) , 

(12)(34) 

Xi4 

-16 

(11,19) 

C 20 

diag(C 4 ,1,Cl, 1, 1 ), diag(l, 1, Cs,Cs,Cl) 

X 3 

32 

(27,11) 

D 20 

diag(-C5,C5,-C|,C|,l),(13)(24) 

X 3 

8 

(15,11) 

SL(2,3) 

4ll7,l, ^17,3 

X 17 

0 

(13,13) 

D 24 

diag (C 3 , Cl , Cs , Cl , 1 ) ,diag ( 1 , 1 , C 4 , Cl , 1 ) , 

(12)(34) 

X 20 

8 

(17,13) 

C 3 XC 3 

diag(C 5 ,Cl, 1, 1 , 1), diag(l, 1, Cs,Cl, 1) 

Xi 

-8 

(17,21) 

Co X Co 

diag(C 5 ,Cl, 1 , 1 , 1 ), diag(l, 1, Cs,Cs,Cl) 

Xi 

88 

(49,5) 

CoxCo 

diag(l, Cs, Cs, Cl,Cl), diag(l, 1 , Cs, Cs, Cl) 

Xi 

40 

(21,1) 

Co X Co 

diag(l,C5,C|,?5,el),(12345) 

Xi 

-8 

(1,5) 

C0XS3 

diag(C 3 ,C|,C 5 ,C 5 ,Cl),( 12 )( 34 ) 

Xi4 

56 

(33,5) 

Co X S3 

diag(C 3 ,Cl, C15, Cil,Cl), (12)(34) 

Xi4 

40 

(25,5) 

C 3 X Dio 

diag(Ci 5 , C15, ?il,^15, 1 ), (13)(24) 

Xi4 

40 

(25,5) 

D 30 

diag(C 3 ,C|,C 5 ,C|,l), ( 12 )( 34 ) 

Xo 

-16 

(11,19) 

D 30 

diag(Ci5,?15,Cil, C15, 1 ), (14)(23) 

Xi4 

16 

(19,11) 

D 34 

diag(Ci 7 ,Ci 7 ,^17 ,Ci 7 ,l), (13)(24) 

Xi3 

16 

(19,11) 

S3 X S3 

diag (C3 , Cl, 1 , 1 , 1 ), diag( 1 , 1 , C3 , Cl, 1 ), 

(14)(23),(13)(24) 

Xi4 

16 

(17,9) 

Ci3 X C 3 

diag(Ci 3 ,Ci 3 ,Ci 3 ,l,l), ( 123 ) 

X 16 

8 

(21,17) 


diag(Cl3,Cl3,?13>l, 1 ), ^ 16 , 24 ll 6,4 

X 16 

40 

(21,1) 

C30 

diag(Ci 3 ,Ci 3 ,?i 3 , 1 , 1 ), diag(l, 1 , 1 ,C3, Cl) 

X 16 

200 

(101,1) 



remarks 

on 


C5XC5 
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Table 5 - Continued from previous page 


G 

generators of G (as a subgroup of 
PGL(5,C)) 

Y 

e(X/G) 


7ri(Y/G) 

remarks 

on 

T^40 

diag(^20)^5)C20;C5) 1)) (13)(24) 

Ya 

16 

(19,11) 



C41 

diag(^4i, Ci'‘Xii , Cli) 

Yi 5 

200 

(101,1) 



Ci5 X C3 

diag (6, ?3 > ^5, , ^1) , diag (1,1, ^ 3 , C 3 . 1 ) 

Yi 4 

200 

(101,1) 



GL(2,3) 

^17,1, ^17,2, ^17,3 

Yi 7 

24 

(19,7) 



Gs X £>10 

diag(l, 1 , ^ 5 , ^ 5 , ^|),diag(^ 5 , Ct, Cs, 1), 
(12)(34) 

Yi 

8 

(17,13) 



Gs X £>10 

diag(l, 1, ^5, ^5, Cl). diag(C5, Cl. 1.1.1). 

(12)(34) 

Yi 

56 

(33,5) 



X £>10 

diag(l, 1, Cs, Cs. C5).diag(C5, Cl. Cl. Cl. 1). 

(12)(34) 

Yi 

32 

(19,3) 


in |Stl2| 

X 

X 

diag(l, 1, Cs, Cl. 1), diag(C5, Cl, 1,1.1), 

(12)(34) 

Yi 

-16 

(11,19) 



C 51 

diag (C 51 , C 51 . Csi. Cli. 1) 

Yi 3 

200 

( 101 , 1 ) 



^5 

(12345), (123) 


-16 

(5,13) 



Sz X £>10 

diag(Ci 5 ,Cil,C 15 .C 15 .1). ( 12 )( 34 ), (13)(24) 

Yi 4 

32 

(21,5) 


new 

Ces 

diag(l, 1 , 1 , C 5 ,C|), diag(Ci 3 , Cr 3 ‘",Cl 3 .1.1) 

^9 

200 

( 101 , 1 ) 



(C5 X C5) X 

G3 

diag(l,l,C 5 ,l,C|), ( 345 ) 


8 

(21,17) 



X 

X 

diag(l, 1 , Cs, 1, Cl), ( 345 )diag(C 3 , Cl, 1,1.1) 

Ys 

40 

( 21 , 1 ) 



Ci5 X C5 

diag(l, 1 ,Cs, 1,Cl). diag(C 3 ,Cl, 1.Cs,Cl) 

Y 5 

200 

( 101 , 1 ) 



Gs X £>30 

diag(Cl 5 .C!l, Cl. Cl. l),diag(l, 1 , Ca, Cl. 1), 
(14)(23) 

Yi 4 

112 

(59,3) 



C5 X (((£3 X 
C3) X C 2 ) 

diag (Cs, Cl. Cs, Cs. Cl) .diag (1,1, Ca, Cl , 1) , 

(12)(34) 

Yi 4 

112 

(59,3) 



Dio X £>10 

diag(Cs , Cs , Cl. Cl . 1) ,diag(Cs , Cl , Cs, Cl . 1) , 

(12)(34), (13)(24) 

Yi 

16 

(17,9) 


new 

Gs X £>34 

diag(C3,C|,C3,C|,l), 
diag(Ci 7 ,CiT^ . C 17 .Ci7^. 1). (ld)(24) 

Yi 3 

112 

(59,3) 



C 3 X (Cis X 

G3) 

diag(Ci3,Cill,Ci3,C3,Cl), (123) 

Yio 

88 

(49,5) 



X 

X 

diag(l,Cs,C|,C|,Cs). (12345) 

Yi 

8 

(5,1) 

Gs 

in 

|AT,R9n| 

CoxC^xCo 

diag(l, Cs, 1,1, Cl). diag(l, 1, Cs. 1, Cl). 

diag(l, 1, l.Cs.Cl) 

Yi 

200 

(101,1) 



iiCoxCo)x 
Co) X C2 

diag(l,l,Cs,l,C|), diag(l,l,l,Cs,C|). 

(345), (12)(34) 

Yi 

16 

(19,11) 



{{CoxCo)x 

Co) X C2 

diag(l, 1, Cs, 1, Cl), diag(l, 1,1, Cs, Cl). 

(345)diag(C3,C|. 1,1.1), (12)(34) 

Y 5 

32 

(19,3) 


in |Stl2j 

Gs X £>30 

diag(l, 1, Cs, Cs, C|),diag(C3, Cl. Cs, Cl. 1), 
(12)(34) 

Y 5 

112 

(59,3) 




Continued on next page 
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Table 5 - Continued from previous page 


G 

generators of C (as a subgroup of 

PGL(5,C)) 

A 

e(A/G) 


7ri(A/G) 

remarks 

on 

(C5X((C3X 

C3)XC2))X 

C 2 

diag(l, 1 , 6, (i, 1 ), diag(C?s, Cis^ 1 ), 

(12)(34), (13)(24) 

Ai4 

80 

(41,1) 


new 

C 5 X (013 X 

diag(63,^r3%ef3,C5,e|), (123) 

Ag 

88 

(49,5) 



C 41 X C 5 

diag(^4i)^4i jCiiJ^lijCli)) (12345) 

Xi5 

40 

( 21 , 1 ) 



X 

X 

diag( 6 , ? 3 : C 5 ,1, Cl), diag(l, 1 , 1 , Cs, Cl), 

(345) 

As 

88 

(49,5) 



((C 5 XC' 5 )X 
C 5 ) X C 2 

diag(l, C 5 , Cs, Cl, Cs), diag(l, Cs, Cs, Cs, Cl), 
(12345), (25)(34) 

Ai 

16 

(11,3) 


new 

X 

X 

diag(l,Cs,C 5 ,C|,C|), diag(l,C 5 ,C|,l,l), 
diag(l,l,l,Cs,C|), (23)(45) 

Ai 

112 

(59,3) 



C 5 X ((C 5 X 
Us) X C 3 ) 

diag(C 5 , Cl, 1,1,1), diag(l, l,Cs, 1,C|), 

diag(l, 1 , 1 ,C 5 ,C|), (345) 

Ai 

88 

(49,5) 



(U 3 X((C 5 X 

U5)XC3))X 

C 2 

diag(C 3 , Cl, Cs, 1, Cl), diag(l, 1 , 1 , Cs, Cl), 
(345), (12)(34) 

As 

56 

(33,5) 



(U5X((C5X 

U5)XC'2))X 

C 2 

diag(l,Cs,Cs,C|,Cl), diag(l,Cs,C|,l,l), 
diag(l,l,l,Cs,C|), (23)(45), (24)(35) 

Ai 

80 

(41,1) 


new 

(Us X Cs X 
Us) X Cs 

diag(l, Cs, 1 , 1 , Cl), diag(l, 1 , Cs, 1 , Cl), 

diag(l,l,l,C 5 ,Cl), (12345) 

Ai 

40 

( 21 , 1 ) 

Gs 


(Usx((CsX 

Us)xC' 3 ))x 

U 2 

diag(Cs, Cl, 1,1,1), diag(l, 1 , Cs, 1, Cl), 

diag(l,l,l,Cs,C|), ( 345 ), ( 12 )( 34 ) 

Ai 

56 

(33,5) 



((Us X Cs X 

Cs) X Cs) X 
C 2 

diag(l, Cs, 1,1, Cl), diag(l, 1 , Cs, 1, Cl), 

diag(l,l,l,C 5 ,Cl), (12345), (25)(34) 

Ai 

32 

(19,3) 


in |Stl2| 

((Us X 

((Us X 

Us)xC 2 ))x 
U 2 ) X C 3 

diag(l, Cs, Cs, Cl, Cl), diag(l, Cs, Cl, 1,1), 
diag(l,l,l,Cs,Cl), (23)(45), (24)(35), 

(345) 

Ai 

48 

(29,5) 



(Us X Cs X 
Cs) X Hs 

diag(l, Cs, 1,1, Cl), diag(l, 1 , Cs, 1, Cl), 

diag(l,l,l,Cs,C|), (12345), ( 345 ) 

Ai 

24 

(15,3) 


new 
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